Introduction
Recently Lim [9] proved that every weakly inward multivalued contraction with closed values defined on a nonempty closed subset of a Banach space has a fixed point. His result includes results of Deimling [7] , Xu [15] , Martinez-Yanez [10] , and Yi and Zhao [14] . To prove the result, Lim used transfinite induction argument instead of Caristi's theorem [6] . In [9] , the author says that he had attempted unsuccessfully to use Caristi's theorem.
One of generalizations of contractions on metric spaces is the concept of weakly contractive maps appeared in [1] . Actually in [1] , the authors defined such maps for singlevalued maps on Hilbert spaces and proved the existence of fixed points. Rhoades [13] showed that most results of [1] are still true for any Banach spaces. In fact, weakly contractive maps are closely related to maps of Boyd and Wong type ones [4] and Reich's type ones [12] . Naturally we can extend this concept to multivalued maps.
The purpose of this paper is to define weakly contractive multivalued maps and give various fixed point theorems for weakly contractive multivalued maps with inwardness (weakly inwardness) conditions.
Our proofs are based on Caristi's theorem and consequently we give an another proof of Lim's theorem [9] by using Caristi's theorem directly.
In Section 2, we give some variations of Caristi's theorem in order to use proving the existence of weakly contractive multivalued maps with inwardness or weakly inwardness conditions. In Section 3, we prove fixed point theorems for such maps.
Generalizations of the Caristi's fixed point theorem
In [2] , the authors actually proved the following generalization of the Caristi's fixed point theorem [6] . 
holds. Then g has a fixed point in M.
In fact, in [2, Theorem 3] the authors only assumed that c is u.s.c. However, in the proof of Theorem 3 in [2] , they used the condition that c is u.s.c. from the right.
If c(t) ≡ 1, then Theorem 2.1 reduces to the following Caristi's fixed point theorem [6] .
Then g has a fixed point in M.
Next we give another generalization of the Caristi's fixed point theorem as follows. 
Proof. Define a relation on M such that for any x, y ∈ M,
Then x y and x = y imply φ(x) > φ(y), and since c is nondecreasing it can be easily shown that is an order relation. Let {x n } be a nondecreasing sequence in M with this order relation. Then for natural numbers m, n with m > n we have
Since {φ(x n )} is nonincreasing, we know c(φ(x 1 )) c(φ(x n )) for any n 1. Therefore (2.3) implies that {x n } is Cauchy and has a limit x in M. Since φ is l.s.c., we get φ(x) lim φ(x n ), and hence by letting m → ∞ in (2.3) finally we obtain
that is, x n x. Therefore {x n } has an upper bound x.
By the Brezis-Browder's ordering principle [5] , there is a maximal element z in M. Now we know z gz by (2.2) and hence gz = z by the maximality of z. This completes the proof. ✷ Theorem 2.1 can be compared with Theorem 5 in [2] , which says that same conclusion holds if condition (2.2) is replaced by the condition
Note that (2.4) implies (2.2) since c is nondecreasing and φ(gx) φ(x). However the merit of Theorem 5 in [2] is that we can estimate whereabouts the fixed point of g exists.
hold. Then g has a fixed point in M.
., c is well-defined and nondecreasing. Also ρ(x, gx) φ(x) implies c(ρ(x, gx)) c(φ(x))
, so that condition (2.5) implies condition (2. 
and
Then ψ is u.s.c. and (2.7) implies (2.5). Therefore by Theorem 2.4, g has a fixed point in M. This completes the proof. ✷
The following example which appeared in [3] shows that condition (2.6) is essential in Corollary 2.5.
Let us choose ε(x) for each x ∈ R such that 0 < ε(x) min{1/4, φ(x)}, and ε(x) p−1 (|x|+ ε(x)) 2 1 for x < −3/4, where p > 1 is fixed. Then in [3] the authors show that if we define g : R → R by gx = x − ε(x), then for each x ∈ R,
hold. Then if we put ϕ(t) = t p , g satisfies condition (2.7), but g has no fixed points. In this case note lim sup
Fixed point theorems for weakly contractive maps
Let (X, d) be a complete metric space. We shall denote by C(X) the family of nonempty closed subsets of X. Let H be the Hausdorff metric on C(X), i.e., 
H (T x, T y) ψ d(x, y) .
Therefore weakly contractive maps for which ϕ is l.s.c. from the right are types of Boyd and Wong [4] .
And if we define k(t) = 1 − ϕ(t)/t for t > 0 and k(0) = 0, then condition (3.1) is replaced by

H (T x, T y) k d(x, y) d(x, y).
Therefore weakly contractive maps are closely related to maps of types of Reich [12] , which are also studied by Guo [8] and Mizoguchi and Takahashi [11] .
Also T is said to be metrically inward if for each x ∈ D,
where MI D (x) is the metrically inward set of D at x defined by
In the case that X is a Banach space, the inward set of D at x is defined by
Then clearly we have I D (x) ⊂ MI D (x)
for each x ∈ D and simple examples show that the equality cannot be true. A point x ∈ D is a fixed point of a multivalued map T if x ∈ T x.
Theorem 3.1. Let (X, d) be a complete metric space and T : X → C(X) a weakly contractive map for which ϕ(t) is l.s.c. from the right and lim sup t →0 + (t/ϕ(t)) < ∞. Then T has a fixed point in X.
Proof. Let M = {(x, y) | y ∈ T x, x ∈ X} be the graph of T . It is easy to see that M is closed in X × X. Give a metric ρ on M by
Then φ is continuous on M and c is u.s.c. from the right since ϕ is l.s.c. from the right.
Suppose that T has no fixed points. Then for each (x, z) ∈ M we have x = z. Since z ∈ T x, we can choose v ∈ T z such that
Then g has no fixed points and g satisfies
Then by Theorem 2.1, g should have a fixed point, which is a contradiction. Therefore we conclude that T has a fixed point. ✷
Corollary 3.2 [12, Theorem 5]. Let (X, d) be a complete metric space and T : X → C(X) satisfy
3)
Then T has a fixed point.
Then we can immediately prove that ϕ(t) > 0 for t > 0, ϕ is l.s.c. from the right (see [8] ) and
3) implies condition (3.1). Therefore by Theorem 3.1, T has a fixed point. This completes the proof. ✷ For the inward weakly contractive multivalued maps we have the following
Theorem 3.3. Let D be a nonempty closed subset of a complete metric space (X, d) and T : D → C(X) a weakly contractive map for which ϕ(t) is l.s.c. and lim sup t →0 + (t/ϕ(t)) < ∞. Suppose that T is metrically inward on D. Then T has a fixed point in D.
Proof. Let M, ρ and φ be as in the proof of Theorem 3.1. Then (M, ρ) is complete and φ is continuous. Suppose that T has no fixed points. Then for each (x, z) ∈ M, we have
Since T satisfies (3.1), we can choose v ∈ T u such that
By combining (3.4) and (3.5) we get For Banach spaces, metrically inwardness conditions can be replaced by weakly inwardness conditions as follows. Proof. Let M = {(x, y) | y ∈ T x, x ∈ D} be the graph of T , and ρ and φ be as in the proof of Theorem 3.1. Then (M, ρ) is complete and φ is continuous on M. Since t/ϕ(t) is u.s.c. for t > 0 and lim sup t →0 + (t/ϕ(t)) < ∞, we have for each s > 0,
Suppose that T has no fixed points. Then for each (x, z) ∈ M, we have x = z. Choose ε such that 0 < ε < 1 and
Then for each t with 0 < t Since T is weakly contractive, there exists v ∈ T u such that
Then from 3.7 and 3.8 we get 
